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Abstract
The total chromatic number T(G) is the least number of colours needed to colour the vertices and edges of a graph G such that
no incident or adjacent elements (vertices or edges) receive the same colour. The Total Colouring Conjecture (TCC) states that for
every simple graph G, T(G)(G) + 2. This work veriﬁes the TCC for powers of cycles Ckn, n even and 2<k<n/2, showing
that there exists and can be polynomially constructed a ((G) + 2)-total colouring for these graphs.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Let G be a simple graph with vertex set V (G) and edge set E(G). An element of G is a vertex or an edge of G. A
subset of V (G)∪E(G) is independent if its elements are pairwise nonadjacent and nonincident.As usual, we denote by
d(v) the degree of a vertex v ∈ V (G), by (G) and by (G) the maximum and the minimum degree of G, respectively.
For S ⊆ V (G) ∪ E(G), a partial total colouring of G is a mapping  : S → C such that, for each adjacent or
incident elements x, y ∈ S, we have (x) = (y). If S = V (G) ∪ E(G), then  is a total colouring. If |C| = k, then
mapping  is called a k-(partial) total colouring. For c a colour inC, the set {x ∈ V (G)∪E(G) : (x)= c} is a colour
class. If (x) = c or there exists an element y incident with or adjacent to x such that (y) = c, then we say that c
occurs in x. If S ⊆ E(G), then  is a (partial) edge colouring.
The total chromatic number of G, T(G), is the least integer k for which G admits a k-total colouring. Clearly,
T(G)(G)+1. Sánchez-Arroyo [8] has shown that decidingwhether T(G)=(G)+1 isNP-complete.McDiarmid
and Sánchez-Arroyo [7] have shown that even the problem of determining the total chromatic number of k-regular
bipartite graphs is NP-hard, for each ﬁxed k3. The Total Colouring Conjecture (TCC), posed independently by
Behzad [1] and Vizing [9], states that every simple graph G has T(G)(G) + 2. If T(G) = (G) + 1, then G is a
type 1 graph; if T(G) = (G) + 2, then G is a type 2 graph.
A graph is a power of cycle, denoted Ckn , if V (Ckn) = {v0, . . . , vn−1} and E(Ckn) = E1 ∪ E2 ∪ · · · ∪ Ek , where
Ei ={(vj , v(j+i) mod n) : 0jn−1}. Note that Ckn is 2k-regular and that k1.An edge e ∈ Ei is said to have reach
i; if i is even (odd), then e is an even (odd) edge. We take (v0, . . . , vn−1) to be a cyclic order on the vertex set of G, and
always perform modular operations on edge and vertex indexes.
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Here we settle the TCC for Ckn , n even, 2<k<n/2. For kn/2, Ckn is, up to multiple edges, isomorphic to the
complete graph Kn. Behzad et al. [2] have determined T(Kn) for all n: Kn is type 1 for n odd and type 2 for n even.
For k = 2, Campos and Mello [4] have proved that C2n , n = 7, is type 1 and C27 is type 2. Finally, the total chromatic
number of Cn (k = 1) is also known [10]: Cn is type 1 if n ≡ 0(mod 3) and type 2 otherwise.
Section 2 introduces some deﬁnitions, notation and preliminary results. Section 3 exhibits a total colouring for a
subgraph of Ckn , denoted GP. Section 4 extends the total colouring of GP to a total colouring of Ckn by colouring the
edges of E(Ckn)\E(GP). Finally, Section 5 exhibits some subclasses of Ckn whose total chromatic numbers we know
and poses a conjecture about the total chromatic number of Ckn .
2. Preliminaries
A path in a graph G is an alternating sequence of distinct vertices and edges of G beginning and ending with vertices,
in which each edge is incident with the two vertices next to it. The length of a path is the number of edges in it. Usually,
the distance between two vertices u and v of a graph is the length of a shortest path joining them. Given u, v ∈ V (Ckn),
the horizon, h(u, v), between u and v in Ckn is the distance between u and v in Cn.
Let GP (GI) be the maximal subgraph of Ckn induced by even (odd) edges. Lemma 1 shows that GI is bipartite in
case n is even. Heuberger [6] shows this result in the context of circulant graphs.
Lemma 1. Consider Ckn , n even. Then GI is a bipartite graph.
Let P(vi) = {(vi−1, vi+1), . . . , (vi−k/2, vi+k/2)}, 0 in − 1, be a set of independent even edges with reaches
ranging from 2 to 2k/2. Set P(vi) is called an even set. Fig. 1 shows an example of such an edge set.
Lemma 2 shows that P(v0), . . . , P (vn−1) form a partition of E(GP) and Lemma 3 establishes conditions for which
two even sets are independent.
Lemma 2. Consider Ckn , with 1<k< n/2, and let GP be the subgraph of Ckn induced by its even edges. Then
P(v0), . . . , P (vn−1) form a partition of E(GP).
Proof. In order to show that P(v0), . . . , P (vn−1) form a partition of E(GP) we prove that: (i) P(vi) ∩ P(vj ) = ∅ for
every i = j ; (ii)⋃n−1i=0 P(vi) =⋃k/2i=1 E2i . Note that, by deﬁnition, each P(vi) = ∅.
Suppose that there exists an edge e = (u, v) such that e ∈ P(vi) ∩ P(vj ) with i = j and u, vi, v, vj occur in this
order. By deﬁnition of even set, h(u, vi) = h(vi, v) and h(v, vj ) = h(vj , u). Thus,
h(u, vi) + h(vi, v) + h(v, vj ) + h(vj , u) = n ⇒ h(vi, v) + h(v, vj ) = n/2.
(Note that n must be even in this case.) On the other hand, h(vi, v)k/2 and h(v, vj )k/2. Therefore,
n/22k/2k, a contradiction since we assume k < n/2.
We will now show that
⋃n−1
i=0 P(vi) =
⋃k/2
i=1 E2i . By deﬁnition,
e ∈ P(vi) ⇔ e = (vi−l , vi+l ) = (vj , vj+2l ) ⇔ e ∈ E2l ,
where j = i − l and 1 lk/2. This concludes the proof. 
Lemma 3. Let vi and vj be two vertices ofCkn such that 0 i < j <n.Then, set {vi, vj }∪P(vi)∪P(vj ) is independent
if and only if j − i > 2k/2 and n − j + i > 2k/2.
Fig. 1. Vertex vi (at centre) and set P(vi ) (dashed edges).
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Fig. 2. Dotted and dashed edges form odd set I (vi , 7). The dotted edge is the anchor.
Proof. Let
V (P (vi)) = {vi−k/2, . . . , vi−1, vi+1, . . . , vi+k/2} and
V (P (vj )) = {vj−k/2, . . . , vj−1, vj+1, . . . , vj+k/2}
be the maximal vertex sets that are ends of edges of P(vi) and P(vj ), respectively. Thus,
j − i > 2k/2 ⇔ j − k/2> i + k/2 and
n − j + i > 2k/2 ⇔ n + i − k/2>j + k/2
if and only if {vi, vj }∪P(vi)∪P(vj ) is an independent set.We add n because we are working with modular operations
and i < j <n. 
Let I (vi, j) = {(vi, vi+1), (vi−1, vi+2), . . . , (vi−j/2, vi+j/2)}, with j odd, 1j2k/2 − 1, be a set of inde-
pendent odd edges with reaches ranging from 1 to j. This set is called an odd set. Edge (vi, vi+1), of reach 1, is called
anchor of I (vi, j). Each vertex in the sequence vi−j/2, . . . , vi+j/2 is an end of some edge of I (vi, j). We denote
by V (I (vi, j)) this set of vertices.
Fig. 2 exhibits an example of an odd set. Lemmas 4 and 5 establish some properties of I (vi, j).
Lemma 4. Consider Ckn and let GI be the subgraph of Ckn induced by its odd edges. Then I (v0, 2k/2 − 1), . . . ,
I (vn−1, 2k/2 − 1) form a partition of E(GI).
Proof. In order to show that I (v0, 2k/2 − 1), . . . , I (vn−1, 2k/2 − 1) form a partition of E(GI) we prove that: (i)
I (vi, 2k/2− 1)∩ I (vj , 2k/2− 1)=∅ for every i = j ; (ii)⋃k/2i=1 E2i−1 =⋃n−1i=0 I (vi, 2k/2− 1). Note that, by
deﬁnition, each I (vi, 2k/2 − 1) = ∅.
Suppose that there exists an edge e=(u, v) such that e ∈ I (vi, 2k/2−1)∩I (vj , 2k/2−1), with 0 i < jn−1
and u, vi, v, vj occur in this order. By deﬁnition of odd set, h(u, vi) = h(vi+1, v) and h(v, vj ) = h(vj+1, u). Since
i = j , h(u, vi)+ h(v, vi+1)+ h(v, vj )+ h(u, vj+1)+ 2= n. Thus, h(vi+1, v)+ h(v, vj )= n/2− 1. Note that n must
be even in this case. On the other hand, h(v, vi+1)k/2 − 1 and the same holds for h(v, vj ). Thus,
n/2 − 12k/2 − 2 ⇒ n/2k,
a contradiction since we are working with k < n/2. This proves part (i).
To prove (ii), note that:
e ∈ E2m−1 ⇔ e = (vj , vj+(2m−1))
⇔ e = (vi−(m−1), vi+m)
⇔ e ∈ I (vi, 2k/2 − 1),
where i = (j + m − 1), 0 i, jn − 1 and 1mk/2. 
Lemma 5. Let I (vi, j) and I (vl, m) be odd sets of Ckn , with 0 i < l <n. Then, I (vi, j)∪ I (vl, m) is an independent
set if and only if l − i > j/2 + m/2 and n − l + i > m/2 + j/2.
Proof. By deﬁnition,
V (I (vi, j)) = {vi−j/2, . . . , vi+j/2} and
V (I (vl,m)) = {vl−m/2, . . . , vl+m/2}.
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Set I (vi, j) ∪ I (vl, m) is independent if and only if V (I (vi, j)) ∩ V (I (vl,m)) = ∅. Then,
l − i > j/2 + m/2 ⇔ i + j/2< l − m/2 and
n − l + i > m/2 + j/2 ⇔ l + m/2<n + i − j/2,
if and only if I (vi, j)∪ I (vl, m) is an independent set. We add n because we are working with modular operations and
i < l <n. 
3. Total colouring of GP
In this section we construct a (k + 1 + r)-total colouring of GP, where r = nmod(k + 1).
Starting at v0, and proceeding in cyclic order, we partition V (G) in  = n/(k + 1) sets, B1, . . . , B, each with
k + 1 consecutive vertices, denoted alpha blocks (> 1, since k < n/2), and one last block, R, with the remaining r
vertices, called the residual block. That is, Bj ={v(j−1)(k+1), . . . , v(j−1)(k+1)+k} and R={vn−r , . . . , vn−1}.We denote
by uji the ith vertex of Bj , which corresponds to vertex v(j−1)(k+1)+i−1, and we denote by wi the ith vertex of R, which
corresponds to vertex v(k+1)+i−1. Fig. 3 shows an example of V (C412) partitioned in blocks.
We ﬁrst describe a colour assignment GP of GP. Then we show that GP is a total colouring of GP. Let
GP(uji ) := i, 1 ik + 1, 1j (alpha colours), (1)
GP(wi) := k + 1 + i, 1 ir(residual colours), (2)
GP(e) := GP(vi) for e ∈ P(vi) and 0 in − 1. (3)
Fig. 4 shows the 7-total colouring GP for GP, the subgraph induced by the even edges of C
4
12.
Lemma 6. The colour assignment GP is a total colouring of GP.
Proof. Clearly, each vertex of Ckn receives a colour in (1) or (2) since each vertex is either in an alpha block, or in a
residual block.
Fig. 3. The partition of V (C412) in blocks.
Fig. 4. A 7-total colouring GP of GP.
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By construction of GP, vertices in the same block receive different colours. Moreover, the set of vertices that receive
colour i, ik + 1, is composed by the ith vertices of each alpha block. We conclude that this vertex set is independent
since h(uji , u
j+1
i ) = k + 1, j < , and the maximum reach of an edge of Ckn is k. The vertex set that receives colour
k + 1 + i, ir , is {wi}, thus trivially independent. Therefore, (1) and (2) provide a vertex-colouring of GP.
Let vi be a vertex of GP. In (3), set P(vi) receives the same colour of vi . By deﬁnition P(vi) ∪ {vi} is independent.
Moreover, by Lemma 2, each edge of GP receives a colour.
By construction, the edge set that receives alpha colour i is
⋃
j=1P(u
j
i ), which is independent by Lemma 3. The
even set that receives residual colour k + 1+ i is P(wi), also an independent set. Therefore, there do not exist adjacent
edges with the same colour and the result follows. 
Colouring GP is a total colouring of GP which assigns colours to the vertices and even edges of C
k
n; we now colour
the odd edges of Ckn .
4. Edge colouring of GI
We have constructed a (k + 1 + r)-total colouring for GP. In this section we use these colours in some selected
edges of GI. Subsequently, we show that the subgraph of GI induced by the still uncoloured edges, denoted Gr , is
(k+1− r)-edge colourable, for n even. The parity of n is important here because the resulting subgraph GI is bipartite.
This section has two parts. Initially, we treat case r = 0, i.e., n ≡ 0(mod k + 1). Afterwards, we treat case 0<rk.
4.1. n ≡ 0 (mod k + 1)
In this subsection we show that there exists a ((G) + 2)-total colouring for Ckn when n is a multiple of k + 1, i.e.,
when r =0. More speciﬁcally, we prove that there exists a (k+1)-edge colouring for GI. This colouring, together with
GP, forms a ((G) + 2)-total colouring for Ckn .
The chromatic index of a graph G, ′(G), is the least number of colours for which G admits an edge colouring.
We ﬁrst recall two classical results on edge colouring. Subsequently, we prove the main lemma of this subsection,
Lemma 9.
Lemma 7 (Vizing). Let G be a simple graph. Then, ′(G)(G) + 1.
Lemma 8 (König). Let G be a simple bipartite graph. Then, ′(G) = (G).
Lemma 9. Let G = Ckn with n ≡ 0(mod k + 1). Then, ′(GI)k + 1.
Proof. By counting, we conclude that if k is even, then (GI) = k, otherwise (GI) = k + 1. Therefore, if k is even
the result follows by Lemma 7. If k is odd then, since n ≡ 0(mod k + 1), n is even. By Lemma 1, graph GI is bipartite.
Therefore, by Lemma 8, we conclude that ′(GI) = k + 1. 
The next result follows from Lemma 9.
Theorem 10. Let G = Ckn , n ≡ 0(mod k + 1). Then, T(G)(G) + 2.
Proof. In Section 3 the (k + 1 + r)-total colouring GP was constructed for GP. Since n ≡ 0(mod k + 1), GP uses
k + 1 colours. By Lemma 9, the edges of graph GI can be coloured with k + 1 colours. By deﬁnition, V (Ckn)=V (GP)
and E(Ckn) = E(GP) ∪ E(GI). Therefore, there exists a 2k + 2 = (G) + 2-total colouring of G. 
4.2. n ≡ r(mod k + 1), 0<rk
In this subsection we choose some special edges of GI and assign them colours that were used in GP. This partial
edge colouring of GI is denoted . Subsequently, we show that Gr , the subgraph of GI induced by the still uncoloured
edges, is (k + 1 − r)-edge colourable.
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Let = 1 ∪ 2 ∪ 3. First, let 1 be a colour assignment deﬁned as follows:
1(e) = k + 1 + i for e ∈
−1⋃
j=1
{I (ujk−r+i , 2k/2 − 1)}, 1 ir .
Lemma 11. Colour assignment GP ∪ 1 is a partial total colouring of Ckn .
Proof. Lemma 6 shows that GP is a total colouring of GP, thus a partial total colouring of C
k
n . In 1, only residual
colours are used. Thus, in order to show that GP ∪ 1 is a partial total colouring of Ckn , we must prove that 1 is a
partial edge colouring of Ckn and there do not exist conﬂicts between 1 and GP.
Let k + 1 + i be a residual colour. By deﬁnition of odd set and by Lemma 5, we conclude that
−1⋃
j=1
{I (ujk−r+i , 2k/2 − 1)}
is an independent set. Therefore, 1 is a partial edge colouring of Ckn .
Now, we show that there are no conﬂicts between GP and 1. To do this we show that there are no two adjacent
edges, one in {wi}∪P(wi), and the other in I (u1k−r+i , 2k/2−1) or in I (u−1k−r+i , 2k/2−1), which are, respectively,
the ﬁrst and the last coloured sets in 1 in cyclic order.
In GP, the residual colour k + 1 + i is assigned to the elements of set {wi} ∪ P(wi). Thus, this colour occurs in
each of the k/2 vertices consecutive to wi in cyclic order; likewise, this colour occurs in each of the k/2 vertices
consecutive to wi , in reverse cyclic order. By deﬁnitions of 1 and of I (ujk−r+i , 2k/2 − 1), colour k + 1 + i occurs
in each of the k/2 − 1 vertices consecutive to ujk−r+i+1 in cyclic order; likewise this colour occurs in each of the
k/2 − 1 vertices consecutive to ujk−r+i in reverse cyclic order.
Between wi and u1k−r+i , in cyclic order, there exist (r − i)+ (k− r + i −1)= k−1 vertices. In cyclic order, the ﬁrstk/2 vertices have an incident edge with colour k + 1 + i from GP and the last k/2 − 1 vertices have an incident
edge with this colour from 1. Since k/2 + k/2 − 1 = k − 1, we conclude that there do not exist two adjacent
edges with colour k + 1 + i, one belonging to {wi} ∪ P(wi) and the other to I (u1k−r+i , 2k/2 − 1).
There exist (r − i) + (k + 1) + (i − 1) = k + r vertices between u−1k−r+i+1 and wi in cyclic order. The ﬁrst term
is the number of vertices of B−1 following u−1k−r+i+1, the second is the number of vertices in B, and the third is the
number of vertices preceding wi in the residual block. Because k + r > k − 1, by previous arguments, we conclude
that there do not exist two adjacent edges, one in {wi} ∪ P(wi) and the other in I (u−1k−r+i , 2k/2 − 1), with colour
k + 1 + i. 
LetCkn be assigned colouring GP. By construction, GP(u
1
i )=GP(ui )= i, an alpha colour. The number of vertices
between ui and u
1
i in which colour i is missing is denoted m. The next lemma establishes the value of m.
Lemma 12. For Ckn coloured according to GP, the number of vertices between ui and u1i , in cyclic order, in which
alpha colour i is missing is m = r + (k mod 2).
Proof. There exist k + 1 − i vertices after ui in B, in cyclic order, and there exist i − 1 vertices before u1i in B1.
Moreover, there exists the residual block, with r vertices, between B and B1. Therefore, between ui and u
1
i there exist
(k + 1 − i) + r + (i − 1) = r + k vertices.
In GP, set {ui }∪P(ui ) has received alpha colour i. Thus, this colour occurs in each of the k/2 vertices consecutive
to ui in cyclic order and in each of the k/2 vertices consecutive to ui in reverse cyclic order. Therefore, m= r + k −
2k/2 = r + (k mod 2).
Let k + 1 + i be a residual colour. There exist  − 1 odd sets that receive this colour in 1. The anchor of the last
(in cyclic order) set that receives this colour is edge (u−1k−r+i , u−1k−r+i+1). In GP, set {wi} ∪P(wi) also receives colour
k + 1 + i. Lemma 13 establishes the value of m′ = r + 1.
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Fig. 5. Subgraph GI of C412 with colouring .
Lemma 13. For Ckn coloured according to GP, the number of vertices between u−1k−r+i and wi , in cyclic order, in
which residual colour k + 1 + i is missing is m′ = r + 1.
Proof. There exist k + 1 − (k − r + i)= r − i + 1 vertices after u−1k−r+i in B−1, in cyclic order, and there exist i − 1
vertices before wi in R. Moreover, there exists block B between B−1 and R. Therefore, between u−1k−r+i and wi there
exist (r − i + 1) + (k + 1) + (i − 1) = k + r + 1 vertices.
Following the cyclic order, the last set that receives colour k + 1 + i in 1 has anchor (u−1k−r+i , u−1k−r+i+1) and
reach 2k/2 − 1. Therefore, this colour occurs in the k/2 consecutive vertices after u−1k−r+i . Since set GP(wi) =
GP(P (wi))=k+1+ i, this colour occurs in the k/2 vertices consecutive to wi , in reverse cyclic order.We conclude
that m = k + r + 1 − k/2 − k/2 = r + 1. 
Let 2 and 3 be colour assignments for Ckn deﬁned as follows:
2(e) := k + 1 + i if e ∈ I (vsi+m′/2, 2m′/2 − 1) with 1 ir ,
where si := (− 2)(k + 1) + k − r + i − 1 + k/2;
3(e) := i if e ∈ I (vsi+m/2, 2m/2 − 1) with 1 ik + 1,
where si := (− 1)(k + 1) + i − 1 + k/2.
Fig. 5 shows subgraph GI from C412 endowed with colouring = 1 ∪ 2 ∪ 3.
Lemma 14. Colour assignment GP ∪ , where = 1 ∪ 2 ∪ 3, is a partial total colouring of Ckn .
Proof. Clearly, 2 ∪ 3 is a partial edge colouring of Ckn . Moreover, by Lemma 11, colouring GP ∪ 1 is a partial
total colouring of Ckn . Thus, we need to show that 2 ∪ 3 has no conﬂicts with GP ∪ 1.
Vertex v(−1)(k+1)+i−1 corresponds to vertex ui . In cyclic order, the last vertex that receives alpha colour i in GP is
vertex ui . Set P(u

i ) also receives alpha colour i in GP. Thus, colour i occurs in k/2 consecutive vertices after ui ,
in cyclic order, and vsi is the last vertex in which colour i occurs. Similarly, considering residual colour k + 1 + i and
set I (u−1k−r+i , 2k/2 − 1) that was coloured in 1, we conclude that vsi is the last vertex in which colour k + 1 + i
occurs after u−1k−r+i , in cyclic order.
Parameter m in 3 represents the number of vertices between ui and u
1
i in which alpha colour i is missing. The
maximum reach of an odd edge among these vertices is 2m/2 − 1 and edge (vsi+m/2, vsi+m/2+1) is the anchor
of the odd set that can be coloured with alpha colour i. Likewise, the maximum reach for m′ and colour k + 1 + i is
2m′/2−1 and the required anchor is (vsi+m′/2, vsi+m′/2+1).We conclude that there do not exist conﬂicts between
2 ∪ 3 and GP ∪ 1 and the result follows. 
Consider graph Ckn endowed with GP ∪ . We call residual graph Gr the subgraph induced by the still uncoloured
edges of Ckn . Now, we show that Gr has a (k + 1 − r)-edge colouring when n is even.
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Lemma 15. Let G = Ckn , 2<k< n/2, endowed with GP ∪ . Let Gr be the subgraph of Ckn induced by the still
uncoloured edges. Then (Gr)k + 1 − r .
Proof. Consider, initially, the case in which k is even and r = 1. Because k is even, (GI) = k and, because Gr is a
subgraph of GI, (Gr)k = k + 1 − r . Therefore, the result follows in this case and from here on we consider that if
r = 1, then k is odd.
Colouring GP assigns a colour to each element of subgraph GP. Let H be the subgraph induced by edges coloured
by . Thus, Gr is the subgraph induced by set E(G)\(E(GP) ∪ E(H)). Let H be the minimum degree in H. Thus,
(Gr) = 2k − 2k/2 − H = 2k/2 − H .
So, to determine (Gr) we need to know H . In order to do this we estimate d(v) in H for each vertex v ∈ V (H).
Let H1, H2 and H3 be the subgraphs induced by edges coloured by 1, 2 and 3, respectively. Clearly, V (H) =
V (H1) ∪ V (H2) ∪ V (H3) and E(H) = E(H1) ∪ E(H2) ∪ E(H3). Moreover, E(Hi) ∩ E(Hj ) = ∅, when i = j and
i, j ∈ {1, 2, 3}. In order to estimate d(v) in H, we estimate d(v) in each Hi .
Consider H1. Colouring 1 assigns colour k + 1 + i to − 1 odd sets, each one with reach 2k/2 − 1 and anchor
(u
j
k−r+i , u
j
k−r+i+1), 1j− 1. Let Hj1 be the subgraph induced by edges of
⋃r
i=1 I (u
j
k−r+i , 2k/2 − 1). That is,
H
j
1 is the subgraph induced by the r odd sets whose anchors belong to Bj . Note that
V (H1) =
−1⋃
j=1
V (H
j
1 )
and that E(Hi1) ∩ E(Hj1 ) = ∅ when i = j and 1 i, j− 1.
We know that odd sets are independent and their vertex sets are composed by consecutive vertices in cyclic order.
Moreover, the anchors of odd sets that belong toHj1 are also consecutive. Therefore, by counting, the degree distribution
of Hj1 is:
The ﬁrst block means that the degree of the ﬁrst r −1 vertices range from 1 to r −1. The second block means that there
exists a sequence of vertices with degree r. Third block represents r − 1 consecutives vertices with degrees ranging
from r − 1 to 1. To determine the degree distribution of H1 we compute |V (Hj1 ) ∩ V (Hj+11 )|, 1j − 2 and, for
each vertex v occurring in an intersection V (Hj1 ) ∩ V (Hj+11 ), we add the degrees of v in subgraphs Hj1 and Hj+11 .
By deﬁnition, for each residual colour k + 1 + i and block Bj , 1j− 1, edge (ujk−r+i , ujk−r+i+1) is the anchor
of the odd set that receives this colour in 1. This edge corresponds to edge (v(j−1)(k+1)+k−r+i−1, v(j−1)(k+1)+k−r+i ).
Thus, for the last residual colour k+1+r , the anchor corresponds to edge (v(j−1)(k+1)+k−1, v(j−1)(k+1)+k). Considering
the reach of this set, we conclude that the index of the last vertex, in cyclic order, in which this colour occurs is
(j − 1)(k + 1) + k + k/2 − 1. (4)
Analogously, considering block Bj+1, 0j−2, and the ﬁrst residual colour, k+2, the anchor of this set is edge
(vj (k+1)+k−r , vj (k+1)+k−r+1). Therefore, the index of the ﬁrst vertex in which this colour occurs is
j (k + 1) + k − r − (k/2 − 1) = j (k + 1) + k/2 − r + 1. (5)
Therefore, the cardinality of the intersection of graphs Hj1 and H
j+1
1 is
(j − 1)(k + 1) + k + k/2 − 1 − (j (k + 1) + k/2 − r + 1) + 1 = r + k/2 − k/2 − 2.
The above expression results in r − 2 when k is even, and in r − 1 when k is odd. Fig. 6 sketches the degree distribution
in Hj1 ∪ Hj+11 .
Extending this result for each Hj1 and H
j+1
1 , by counting, we obtain the degree distribution in H1, sketched in Fig. 7.
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Fig. 6. Union of Hj1 and H
j+1
1 . The degrees of each vertex in the intersection are added resulting in a block with vertices of degree r − 1 when k is
even, or in a block with vertices of degree r when k is odd.
Fig. 7. Degree distribution of H1.
Fig. 8. Degree distribution of H2.
Let MEi be the least index and MAi be the greatest index, in cyclic order, of a vertex of Hi .We use these parameters
to calculate |H1 ∩ H2|, |H2 ∩ H3| and |H3 ∩ H1|, that are used to estimate the degree distribution of H from degree
distributions of H1, H2 and H3, in the same way as above.
Expression (5) represents the index of the ﬁrst vertex, in cyclic order, in which colour k + 2 occurs. Colour k + 2
is the ﬁrst residual colour whose anchor is in block Bj+1. Making j = 0 we have ME1. Analogously, expression (4)
represents the index of the last vertex, in cyclic order, in which colour k + 1 + r , the last residual colour whose anchor
is in block Bj , occurs. Making j = − 1 in this expression we have MA1. That is,
ME1 = k/2 − r + 1 ≡ n + k/2 − r + 1(mod n) and
MA1 = (− 2)(k + 1) + k + k/2 − 1.
Now, we analyse H2. Colouring 2 assigns each residual colour k + 1 + i to one odd set with reach 2m′/2 − 1. The
anchors of each of these sets are consecutive edges in cyclic order. Thus, by counting, we conclude thatH2 is comprised
by 2r −1 vertices if r is even and 2r vertices if r is odd.Again by counting, we determine the degree distribution shown
in Fig. 8.
In order to calculate ME2 and MA2, we consider the anchor of the odd set that receives residual colour k + 1 + i;
that is, edge
(v(−2)(k+1)+k−r+i−1+k/2+m′/2, v(−2)(k+1)+k−r+i−1+k/2+m′/2+1).
Parameter ME2 is obtained by subtraction of m′/2 − 1 from the ﬁrst end of the above edge, considering the ﬁrst
residual colour i = 1. Parameter MA2 is obtained by adding up m′/2 − 1 to the second end of the above edge,
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Fig. 9. Degree distribution of H3.
Fig. 10. Degree distribution of H1 ∩ H2.
considering the last residual colour, i = r . Thus, we conclude that
ME2 = (− 2)(k + 1) + k − r + k/2 + 1 and
MA2 = (− 2)(k + 1) + k + k/2 + 2m′/2 − 1.
Finally, we consider H3. In 3, each alpha colour is assigned to an odd set of reach 2m/2 − 1. By Lemma 12, m= r
when k is even and m= r + 1 when k is odd. Recalling case r = 1 and k even, previously considered, we conclude, by
counting, that H3 is composed of k + 2m/2 vertices. By analogy with previous cases, we conclude that the degree
distribution of H3 is that shown in Fig. 9.
We determine ME3 and MA3 in the same way as previous cases, making adjustments to H3 and its alpha colours.
Thus, we conclude that
ME3 = (− 1)(k + 1) + k/2 + 1 and
MA3 = (− 1)(k + 1) + k + k/2 + 2m/2.
Now, we use the degree distribution ofH1,H2 andH3 to determine the degree distribution of H.We calculate |H1∩H2|,
|H2 ∩ H3| and |H3 ∩ H1|, which are the only possible nonempty intersections between these graphs, using formula
MAi − MEj + 1, with i = j and i, j ∈ {1, 2, 3}.
Case 1: Intersection of H1 and H2.
|H1 ∩ H2| = MA1 − ME2 + 1
= (− 2)(k + 1) + k + k/2 − 1 − ((− 2)(k + 1) + k − r + k/2 + 1) + 1
= r − 1.
Fig. 10 sketches the degree distribution in H1 ∩ H2.
Case 2: Intersection of H2 and H3.
|H2 ∩ H3| = MA2 − ME3 + 1
= (− 2)(k + 1) + k + k/2 + 2m′/2 − 1 − ((− 1)(k + 1) + k/2 + 1) + 1
= k/2 − k/2 + 2m′/2 − 2.
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Fig. 11. Intersection of H2 and H3: (a) k even, r even; (b) k odd, r odd; (c) k even, r odd; and (d) k odd, r even.
The above expression depends on the parities of k and r (m′ = r + 1). Thus, we have the following cases:
|H2 ∩ H3| =
⎧⎪⎨
⎪⎩
r − 2 if k even, r even,
r − 1 if k even, r odd,
r − 1 if k odd, r even,
r if k odd, r odd.
Figs. 11(a)–(d) sketch each case of the degree distribution in H2 ∩ H3.
Case 3: Intersection of H3 and H1.
|H3 ∩ H1| = MA3 − ME1 + 1
= (− 1)(k + 1) + k + k/2 + 2m/2 − (n + k/2 − r + 1) + 1
= 2m/2 − 1.
Again, analysing the parity of k and r we have that
|H3 ∩ H1| =
⎧⎪⎨
⎪⎩
r − 1 if k even, r even,
r − 2 if k even, r odd,
r − 1 if k odd, r even,
r if k odd, r odd.
Figs. 12(a)–(c) sketch the degree distribution in H3 ∩ H1.
By deﬁnition, graph H = H1 ∪ H2 ∪ H3. Figs. 7–9 sketch the degrees of H1, H2 and H3, respectively. Figs. 10,
11(a),(b) and from 12(a)–(c) sketch possible intersections betweenH1,H2 andH3. The analysis of these ﬁgures reveals
that H r − 1 if k is even, and H r if k is odd. 
Our main result in this section is a corollary of the previous lemma and is stated below.
Theorem 16. The graph G = Ckn , n ≡ r(mod k + 1), with n even and r = 0, has a ((G) + 2)-total colouring.
Proof. Graph Ckn is (2k)-regular. By the deﬁnition of Gr and by Lemma 14, GP ∪ is a (k+1+ r)-total colouring of
the subgraph induced by the edges of set E(Ckn)\E(Gr). By Lemma 15, (Gr)k + 1− r . Moreover, Gr is bipartite,
because it is a subgraph of GI that is bipartite when n is even. Thus, by Lemma 8, Gr is (k + 1 − r)-edge colourable.
Therefore, we can construct a total colouring for Ckn with (k + 1− r)+ (k + 1+ r)= 2k + 2 =(G)+ 2 colours. 
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Fig. 12. Intersection of H3 and H1: (a) any k, r even; (b) k even, r odd; and (c) k odd, r odd.
5. Concluding remarks
We now show some cases for which T(Ckn) has been determined. We close this section proposing a conjecture on
the total chromatic number of Ckn .
Let G be Ckn . In the following two cases we have type 1 graphs.
(1) n ≡ 0(mod (G) + 1). In this case we consider powers of cycles with n multiple of 2k + 1. Let  be a colour
assignment for G deﬁned as follows:
(vi) = (2i) mod ((G) + 1) for vi ∈ V (G),
(e) = (vi) for e ∈ P(vi),
(e) = (2i + 1) mod ((G) + 1) for e ∈ I (vi, 2k/2 − 1), vi ∈ V (G).
Lemma 17. Let G be Ckn with n ≡ 0(mod (G)+ 1). The colour assignment  is a ((G)+ 1)-total colouring of G.
Proof. First note that each element of G receives a colour. Thus, we need to show that  has no conﬂicts.
Let vi and vj be two vertices of G such that (vi) = (vj ). By construction of , j = i + m(2k + 1), m1.
Therefore, by Lemma 3, {vi, vj } ∪ P(vi) ∪ P(vj ) is independent. Analogously, let e = (vi, vi+1) and f = (vj , vj+1)
be the anchors of two odd sets such that (e) = (f ). By construction of  and by Lemma 5, we conclude that
I (vi, 2k/2 − 1) ∪ I (vj , 2k/2 − 1) is independent.
Now, let vi be a vertex. By construction, the colour of each edge of P(vi) is (vi), that is, in each vertex of
V (P (vi)) ∪ {vi} colour (vi) occurs. Let e and f be the two anchors nearest to vi in cyclic order and in reverse
cyclic order, respectively, such that (e) = (f ) = (vi). Then, e = (vi+k, vi+k+1) and f = (vi−(k+1), vi−k). By
construction, odd sets I (vi+k, 2k/2 − 1) and I (vi−(k+1), 2k/2 − 1) have received colour (vi). Thus, in each
vertex of V (I (vi+k, 2k/2 − 1)) ∪ V (I (vi−(k+1), 2k/2 − 1)), (vi) occurs. Finally, since set (V (P (vi)) ∪ {vi}) ∩
(V (I (vi+k, 2k/2 − 1))∪ V (I (vi−(k+1), 2k/2 − 1))) is empty, we conclude that  is a ((G)+ 1)-total colouring
of G. 
We remark that this case can also be obtained by using the Pullback technique, described in [5].
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(2) n ≡ 0(mod k + 1), n, k even. Consider GP previously deﬁned. It is a (k + 1)-total colouring of GP. Moreover,
GI is bipartite and k-regular. By König’s Theorem, there exists a k-edge colouring of GI. Thus, we can construct
a ((G) + 1)-total colouring for G.
We also know a few type 2 graphs. In [4], we have determined the total chromatic number of C2n , namely that C2n is
type 1 when n = 7, and C27 is type 2. In the same work, we proved the following lemma.
Lemma 18. Let G = Ckn , with n odd and n/3 − 1<k< n/2. Then G is not type 1.
We have proved that C3n satisﬁes the TCC [3]. Together with Lemma 18 it implies that C39 and C311 are type 2 graphs.
Moreover, we know that C38 , C
3
10, C
3
12 and C313 are type 1 graphs. Considering k = 4 we have similar results: the TCC
is satisﬁed [3] which, together with the previous lemma, gives us that C411 and C413 are type 2; C410, C412, C414, and C415
are all type 1 graphs. These observations led us to formulate the following conjecture.
Conjecture 19. Let G = Ckn , with 2k < n/2. Then,
T(G) =
{
(G) + 2 if k >n/3 − 1 and n odd,
(G) + 1 otherwise.
Note that C2n veriﬁes the conjecture. Moreover, C3n for n13 and C4n for n15 verify the conjecture.
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